Using the harmonic superspace techniques in D=2 N=4, we present an explicit derivation of a new hyper-Kahler metric associated to the Toda like self interaction H 4+ (ω, u) = ( ξ ++ λ ) 2 exp(2λω). Some important features are also discussed. * mailing address 1
I. INTRODUCTION
We start in section 2 by recalling some general properties of the hyper-Kahler metrics building program and present in sections 3 and 4 the details concerning the derivation of the metric. The explicit form of this metric is exposed in the appendix. We conclude in section 5 and discuss further the framework for possible applications.
II. GENERALITIES ON HYPER-KAHLER METRICS BUILDING FROM H.S
We start this section by recalling some general results of the hyper-Kahler metrics building from the harmonic superspace. The subject of hyper-Kahler metrics building is an interesting problem of hyper-Kahler geometry that can be solved in a nice way in harmonic superspace if one know how to solve the following non linear differential equations on the sphere S 2 [2] : where q + = q + (z,z, u ± ) and its conjugatesq + =q + (z,z, u ± ) are complex fields defined on C × S 2 respectively and are parametrized by the local analytic coordinates z,z and the harmonic variable u ± . The symbol ∂ ++ = u +i ∂ ∂u −i stands for the so-called harmonic derivative and V 4+ = V 4+ (q, u) is an interacting potential depending in general on q + ,q + , their derivatives and the u ± 's. The fields q + andq + are globally defined on the sphere S 2 = SU(2)/U(1) and may be expanded into an infinite series in power of harmonic variables(for the bosonic part) preserving the total U(1) charge in each term of the expansion as given here below q + (z,z, u) = u 
where ω = ω(z,z, u) is a real field with zero U(1) charge defined on C × S 2 and with its leading terms of its harmonic expansion given by
Similarly as in Eq.(2.1), the interaction potential H 4+ depends in general on ω , its derivatives and the harmonics. Note the important observation of [8] , that one can always pass from the q + hypermultiplet to the ω hypermultiplet via a duality transformation [9] by making a change of variables.
In the remarkable case where the potentials H + and V 4+ do not depend on the derivatives of the fields q + and ω, Eqs.
(1) and (3) reduce then to
As the solutions of these equations depend naturally on the potentials V 4+ and H 4+ , the finding of these solutions is not an easy question. There are only few examples that had been solved exactly. The first example is the Taub-Nut metric of the four-dimensional Euclidean gravity. The potential V 4+ of this model is given by
where λ is a real coupling constant. For this potential, the equation of motion reads
and its solution is given by
Note that the knowledge of this solution is an important steps in the identification of the metric of the manifold parametrized by the bosonic fields
The second example we consider, is the Eguchi-Hanson model. This model had been also solved exactly and correspond to the following potential
where the dimensionless quantity ξ ++ is given by
in terms of the real isovector coupling constant ξ ij . Thus unlike the TN action, the EH action contains explicit harmonics. Details concerning these two models can be found in the following refs. [2] .
Recently, a new integrable model had been proposed [10] . This model was obtained by focusing on Eq.(2.5b) and looking for potentials leading to exact solutions of this equation.
The method used in this issue consist in wondering plausible integrable equations by proceeding as formal analogy with the known integrable two-dimensional non linear differential equations especially the Liouville equation and its Toda generalizations [11] . The important result in this sense was the proposition of the following potential 
Furthermore, the origin of the integrability in Eq.(2.12) is shown to deal with the existence of a symmetry (conformal symmetry) generated by the following conserved current
with ∂ ++ T 4+ = 0
III. COMPUTATION OF THE BOSONIC METRIC
We focus in this section to apply the general method presented in ref. 
where λ is the coupling constant of the model and ξ ++ = u
similar to that appearing in the Eguchi-Hanson model and where D ++ is the harmonic derivative given by
The equation of motion corresponding to this action Eq.(3.1) reads
where Ω is the analytic superfield which expand in θ + r andθ + r series as
Substituting Eq.(3.4) into Eq.(3.3), one obtains the following non linear differential equa-
The Liouville-like equation of motion Eq. originated from integrability and conformal symmetry in two dimensions, reads in the HS language as [10] ξ ++ e λω = f
Next, we integrate the action Eq.(3.1) with respect to the Grassmann variables θ. One find the following result
Using the equation of motion for ω Eq.(3.5), one show easily that the following harmonic integrals are vanishing
These vanishing integrals serve to eliminate the auxiliary fields F ,G and ∆. The resulting bosonic action is then
In order to obtain the purely bosonic theory, one have to reduce more this action which depends now only on the fields B and ω. To do this, one needs to solve the differential equation Eq. 
where
Injecting this solution into the action Eq.(3.17) one obtains
showing the dependence of the action only on the bosonic degrees of freedom f = u
10). What remains to do now is to use the equation of motion Eq.(3.10)
for ω and integrate over the harmonics u to derive the purely bosonic action from which one can easily identify the metric associated to our hyper-Kahler potential
IV. FINDING THE METRIC
We start from the action Eq.(3.20) and consider the solution Eq.(3.10) which imply
Injecting this formal expression into the bosonic action Eq.(3.20), one obtains the following
where .2) and considering the following approximation 
and the u ± i integration rules
if m = l and n = k 0 otherwise (4.6)
To finally integrate over the harmonics, one learn from the content of the action Eq.(4.2) in u ± , that we should use the approximation Eq.(4.4) at least up to the six order in ε. Lengthy and very hard calculations leads finally to the following purely bosonic action
from which one can easily derive the metric. The tensor components of this metric are A ijkl , B ij , C ij , D, E, and F such that
The first explicit expression obtained for this metric is of course incomplete due the previous approximation. The missing terms in this metric are easily recuperated by looking just at the behavior of the first leading terms of the components A ijkl , B ij , C ij , D, E, and F . We present in the appendix, the complete expression of the metric described by the bosonic field f . From the purely bosonic action Eq. 
V. CONCLUSION
We have derived explicitly the metric associated to the SU(2) Toda-like hyper-Kahler
Potential. The idea to work this metric was first introduced in [10] . But only recently when studying the Witten-article [12] (where the author explain that one of the reason to go to eleven dimensional M-theory is that the study of sixbranes, described by the multi- Taub 
We precise here below the convention notations used in writing our derived metric. a) In writing the formulas, we have used the following notation We guess that the terms K(⋆, N, n, f ) described previously, should describe some general term of mathematical series which can be very useful to simplify more the obtained metric. 
